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Vapor-Liquid Equilibria of Silicon by
the Gibbs Ensemble Simulation1

N. Honda2 and Y. Nagasaka2,3

Vapor-liquid equilibrium simulations of silicon were performed using the
Stillinger-Weber potential with the Gibbs ensemble Monte Carlo method
(GEMC). In the low temperature region, from about 3000 to 3500 K, our
calculations show the stability of phases and good agreement with several
experimental results. On the whole, there is little dependence on the size of the
system except near the estimated critical point of silicon: TQ = 7500 + 500 K and
pc = 750± 100 k g - m ~ 3 as determined by the law of rectilinear diameter. Above
3500 K, vapor-liquid coexistence properties which have not been obtained by
experiment are derived.

1. INTRODUCTION

Until recently, little has been known about vapor-liquid coexistence
properties of high-temperature melts and their vapor-liquid critical behavior.
One of the reasons for this is that, under such conditions, experiments
become extremely difficult and experimental measurements are not always
possible. However, current industrial demands concerning high tempera-
ture and high pressure are expanding, so basic thermophysical properties,
for example, the critical temperature and critical density, will be essential
for these purposes even if they are difficult, or nearly impossible, to
measure.
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On the other hand, the calculational power of computers is acceler-
ating so rapidly that simulations for complex systems and models that were
previously unattainable are now possible. So the estimation of properties at
high temperatures and high pressures by a variety of molecular simulations
has become more and more useful and efficient.

Up to the present time, several simulation techniques have been
developed for phase equilibria. The NPT-ju method [ 1, 2] is a conventional
and empirical way to obtain saturated densities, chemical potentials, and
the phase diagram of the fluid. The following new techniques, the Gibbs-
Duhem integration method [3] and Gibbs ensemble Monte Carlo (GEMC)
method [4], are presented as more efficient techniques. Among these
methods, the GEMC is the only direct technique which does not assume
any preliminary imformation except for knowledge concerning the inter-
action of the substances investigated. In particular, we have very few
experimental and calculated data available in this study. In such a case, the
GEMC seems to be the most suitable and effective methodology.

These methods have been mainly used and refined in the chemical
engineering field. But in order to take advantage of the strength of simula-
tions, systems which cannot be realized by experiments are a good applica-
tion. For example, for high-temperature melts already performed by the
GEMC, the restricted primitive model (RPM) by Panagiotopoulos [5] is
available. This paper gives the vapor-liquid coexistence curve of NaCl in
the very high-temperature region, from 1000 to 3200 K, and gives an
estimate of the critical temperature of NaCl. This is a good example of
using the advantages of simulations effectively.

Liquid silicon, a high-temperature melt, in which we are interested in
this study, has considerable industrial and scientific interest. In spite of
being one of the most abundant elements on earth, the behavior of silicon
at high temperature is not accurately known due to its extremely high
melting point (1687 K) and boiling point (3560 K) [6]. To our knowledge,
there are no reliable data for its critical parameters. In this study, we
attempt to use simulations to predict the high temperature vapor-liquid
coexistence properties of silicon.

2. SIMULATION PROCEDURE

2.1. The Stillinger-Weber Potential

We used the Stillinger-Weber (SW) potential [7] as the model for
silicon molecular interactions. There have been many efforts to develop a
reliable potential model for silicon, but many of them were applied to the
crystalline phase. Stillinger and Weber proposed the first model, which is
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parameterized by considering not only the crystalline phase, but also the
liquid silicon properties. This is an empirical model and has been widely
used for the simulation of silicon including liquid and vapor phases, for
example, cluster analysis [8], and the interface between solid and liquid
[9]. This potential, consisting of the sum of two- and three-body interac-
tions, seems to be adequate for our study.

Stillinger and Weber introduced three-body interaction terms in addi-
tion to the pair-interaction terms to stabilize the diamond structure. The
overall expressions are given in the following form:

where A, B, p, q, and A are adjustable parameters and each term vanishes
if either rtj or rjk is greater than a and 6Jlk is the angle between rvi and rik

subtended at vertex /. The angular term goes to zero at the ideal
tetrahedral angle, about 108°. The set of parameter is given in Table I, and
the pair potential of silicon in shown in Fig. 1. In calculating the phase
equilibria, we assumed that this interaction potential will be used for
silicon vapor as well as for liquid.

2.2. Computational Procedure

The system is assumed to consist of two bulk cells with cubic periodic
boundary conditions. First, we placed a total of 128 or 250 particles in a
simple lattice cube for all the simulations and initiated constant NVT
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Table I. Potential Parameters in Eqs. ( 1 ) (6)
from Ref. 7.
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3.4723 x 10-'"
2.0951 x 10-10

7.049556277
0.6022245584

4
0

1.8
21.0
1.2

Gibbs calculations. Since a detailed explanation of the methodology is
reported in Ref. 4, it is omitted here.

One of the most useful advantages of the GEMC is to be able to
perform calculations without a prior knowledge of the thermophysical or
chemical properties of the system. To start the simulations, all that is
needed are two equal and intermediate densities. But to accelerate the
convergence, this method may be less efficient. The more efficient way will
be to fill some gaps to the regions in advance.

Fig. 1. Pair potential term of Stillinger-Weber potential referred
to in Table I.



where /CB is the Boltzmann constant and A is the de Broglie wavelength.
For the system where two distinct phases coexist, the equality of

chemical potentials between the two regions, u1=u11, should be satisfied.
The calculated chemical potentials of the vapor and liquid phases agreed
well. These results demonstrate that our SW systems obtained by the
GEMC simulations satisfy thermodynamic conditions and that our assump-
tion of vapor atoms, as mentioned above, did not have a fundamental error.
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In our calculations, no numerical correction for potential energy change
was taken into account. For the Lennard-Jones potential, the interaction is
essentially defined at infinite distance. Thus, the truncated area is introduced,
for example, L/2 or three or four times the parameter a is commonly used
in order to perform time-saving simulations. On the other hand, the SW
potential terms vanish at a very short distance, 1.8a. Thus, a truncation of
potential and long-range correction is needed. We assume that this treatment
is valid, and no calculation error will be generated using this approximation.

The calculation of chemical potential was performed using the conven-
tional Widom equation for a test of our simulations. An inserted position
was chosen at random in the region from the particle interchange step of
the Gibbs method, and from the energy change derived from this step, a
chemical potential /i can be calculated as follows:

Fig. 2. Reduced density /;* = pa3 versus the number of cycles for the
system of 250 particles for the SW potential at 6542 K (T* = 0.260).
One cycle consists of three types of trial moves, particle displacements,
volume rearrangements, and particle interchanges.



The evolution of densities of the two phases as a function of the
configurations is presented in Fig. 2 at T=6542K (T* =kBT/e = 0.260).
More than 7 x l 0 5 configurations are generated in this calculation. The
total number of particles of the two regions is 250 for the calculations
shown in Fig. 2. The initial densities of the two phases were taken as those
expected at the end of the simulations.

In Table II, we give a summary of the present calculations. This table
shows the initial conditions and average properties after the equilibrium
periods. In order to investigate the dependence on the system size, we
selected the number of particles as 128 and 250. Equilibrium runs were
determined from stability of the energy of the system and of the chemical
potential of each region (approximately 4000 runs), and after that, the
production runs follow (approximately 6000 runs).

Table II. Phase Coexistence Properties of Silicon by the Constant-/VK7" Gibbs Ensemble

Temperature
( K )

7423
6794
6542
6290
6164
6039
5913
5787
5536
5284
5032
4781
4529
4277
4026

7171
7045
6919
6794
6542
5913
5661
5032
3217

Total number of
particles

128

250

Density of
vapor phase

( k g - m ~ 3 )

180.5
47.40
42.27
27.36
25.20
23.90
16.48
15.41
10.75
6.552
3.969

2.870
1.538
0.9557
0.4947

84.92
79.24
71.40
72.81
46.90
18.16
10.60
4.469
0.0470

Density of
liquid phase
( k g - m ~ 3 )

1634
1761
1816
1908
1929
1959
1961
2019
2040
2092
2121
2172
2197
2238
2248

964.5
1629
1721
1788
1831
1978
2001
2135
2348
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3. RESULTS AND DISCUSSION

3.1. Vapor-Liquid Coexistence Curve of Silicon

The vapor-liquid coexistence curve of silicon and the coexisting
properties of silicon are presented in Figs. 3 and 4 and Table II. In Fig. 3,
the phase diagram, along with the line of the law of rectilinear diameters
[10], is shown. This line is determined by fitting the points derived from
the averages of saturated liquid and vapor densities. At higher tem-
peratures near the critical point, our calculations include large fluctuations
as has been observed in numerous studies using the GEMC; therefore, our
critical properties should have the error range described below. In Fig. 4,
comparisons with experiments are shown. The dashed line represents an
empirical formula determined by Lucas [11] for temperatures from 1700 to
1900 K. In order to compare with liquid densities from simulations, the line
is extended to high temperatures. Strictly speaking, the experimental condi-
tion is not phase equilibria, but the rough comparison will make sense
because there is agreement that it is quite near zero pressure. The line on
the left in Fig. 4 is a saturation curve based on an empirical formula for
vapor pressure [6], and the vapor density line was calculated from the

Fig. 3. The vapor-liquid coexistence properties and estimated
critical point of silicon. The filled symbols are the averages of the
vapor and liquid densities. The lines represent the fitted curves
using least squares and the double circle shows our predicted criti-
cal point of silicon.
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Fig. 4. The coexistence curve compared with experimental data.

formula and the equation of state of the ideal gas: Pv = RT. The vapor den-
sities, especially below the boiling point, are very low, and can be almost
regarded as an ideal gas. Practically, the values predicted from simulations
and the obtained curve show good agreement with each other.

The dependence of the properties on the size of the system should be
noted. At low temperatures, the saturated densities and potential energies
show little differences between the systems of 128 and 250 particles. This
means that GEMC simulations of this system can be performed using less
atoms if good initial densities are established. On the other hand, at a tem-
perature of about 8000 K, which is above the estimated critical point, the
calculation of the average made no sense due to the frequent phase inver-
sions as pointed out by Panagiotopoulos [4].

844

3.2. Critical Parameters

To specify the critical point accurately, we attempt to do such not only
from the phase diagram but also from another method. The law of recti-
linear diameters [10] is one of the techniques that can be used to estimate
the critical point of a fluid. It is given as
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Table III. Boiling Points and Critical Points of a Variety of Substances

Substance

Si (present work)
Si

C[12]
SiO2[13]
NaCl [14]

A r [ 1 5 ]
H20[15]
CH 4 [15 ]

Boiling point Tb (K)

3650 [6]a

3650 [6]"
—

5638"
1734
87.3

373.2
111.6

Critical point 7"c ( K )

7800
5193 [14]a

6800"
11976"
3300a

150.9
647.1
190.6

Tc/Th

2.14
1.98
-

2.12
1.90
1.72
1.73
1.71

" Results of calculations, simulations, and estimations.

From the coexistence curve and the law of rectilinear diameters, the critical
properties of silicon, Tc = 7500 + 500 K and pc = 800±100 k g - m - 3 , are
estimated.

In Table III we compare critical point and boiling point temperatures
for a variety of substances. The critical point temperatures reduced by their
characteristic boiling point temperatures are also shown. It is observed that
H2O, CH4, etc., form one group at approximately Tc=l.lTb. However,
for the high-temperature melts, such as Si, NaCl, SiO2, etc., the ratio
7"c/Tb%2.0, indicating a different group of compounds.

4. CONCLUSION

In this paper, we determined the vapor-liquid coexistence curve of
silicon, one of the high-temperature melts. We predicted the vapor-liquid
critical point using the GEMC. At low temperatures, the calculated proper-
ties showed little dependence on the total number of particles and the
calculated values were in agreement with measured values. For the entire
range of temperatures, the equality of chemical potentials was demonstrated.
From both theoretical and experimental points of view, our calculations
were consistent.
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